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1 Introduction

The advantage arising from the use of phase cycles can be seen by comparing the COSY
and DQF COSY spectrum for a two-spin system.

COSY DQF COSY

Figure 1: Comparison of COSY spectrum (left) and DQF COSY spectrum (right).

The COSY spectrum shows a double dispersion lineshape for the diagonal-peak multi-
plets. Such peaks are rather broad and dominate the spectrum. Thus, such a lineshape
is undesirable for high resolution spectroscopy.

In the DQF COSY spectrum the double dispersion lineshape is not present. Both cross-
peak multiplets and diagonal-peak multiplets have an absorption mode lineshape. This
results in less overlap in realistic spectra with many resonances.

The DQF COSY spectrum can be obtained by filtering all the observed signals through
a state of a certain coherence . (For the DQF COSY experiment it is a state of double-
quantum coherence ; hence the name Double-Quantum Filtered COSY.)

In general, the selection of specific coherences is often desired in NMR experiments.
This selection can be achieved by a method called phase cycling .

Gaining a deeper insight into the working principles of phase cycling is the purpose of
this tutorial. The D iscrete Representation of OPerators for Spin systems (DROPS)
via SpinDrops will be used to illustrate the idea of these experiments.1

1A. Garon, R. Zeier and S. J. Glaser, Phys. Rev. A 91, 042122 (2015)
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2 Coherence Order p

2.1 Raising and Lowering Operators in Place of Îx and Îy Operators

The product operators Îx and Îy correspond to transverse magnetization.

Îx Îy

Figure 2: Îx operator (left) and Îy operator (right) in DROPS.

For the classification of coherence orders these operators will be expressed in terms of the
so-called raising operator Î+ and lowering operator Î�. By definition, the coherence
order of p(Î+)=+1 and p(Î�)=�1.

Î+ Î�

Figure 3: Î+ operator (left) and Î� operator (right) in DROPS.
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The definition of Î+ is

Îx i�̂Iy Î+

+ =

Figure 4: Visual representation for the definition of the raising operator: Îx + îIy = Î+

Note the colors of the operators Îx and i�̂Iy and the distribution of the colors in the
raising operator Î+.

Similarly, the definition of Î� is

Îx �i�̂Iy Î�

+ =

Figure 5: Visual representation for the definition of the lowering operator: Îx � îIy = Î�

A clear distinction between raising operator Î+ and lowering operator Î� can be made.
For the raising operator, the rainbow color gradient (red, yellow, green, blue) is counter-
clockwise. For the lowering operator, on the other hand, this color gradient is clockwise.

In addition to the representation in DROPS, Figure 4 and 5 illustrate the representation
of operators in terms of vectors (red and yellow arrows). Linear cartesian spin operators
(e.g. Îx) can be represented as three-dimensional real vectors. These vectors are repre-
sented by red arrows within SpinDrops. Imaginary vectors (e.g. i�̂Iy) are represented by
yellow arrows.
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According to these definitions, the operators for the transverse magnetization Îx and Îy

can be expressed in terms of the raising operator Î+ and lowering operators Î�.

1
2 Î+ 1

2 Î� Îx

+ =

Figure 6: Visual representation for Îx in terms of Î+ and Î�: 1
2 (̂I+

+ Î�) = Îx

1
2i Î

+ � 1
2i Î

� Îy

+ =

Figure 7: Visual representation for Îy in terms of Î+ and Î�: 1
2i (̂I

+ � Î�) = Îy

Note that the red and green areas accumulate. The yellow and blue areas, on the other
hand, cancel each other. This is due to the fact that they are of opposite sign. Remember
that the color code is as follows:

Figure 8: SpinDrops color code

red � ei0
�

= 1

yellow � ei90�
= i

green � ei180�
= �1

blue � ei270�
= �i
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Exercise:

Verify the expressions for the transverse magnetizations in terms of raising and lowering
operator. The separation of an operator into its part of different coherences can be
achieved very easily within SpinDrops.

Choose:

� Spin System o 1-Spin

� Initial State o I1x (or I1y)

� Options o Separation o Coh. Order p
Make sure the experiment timeline is at t=0.

After you have chosen Coh. Order p you will see the separation of the operator. The
part of the state (̂Ix or Îy) that corresponds to the positive coherence order p=+1 is
illustrated above the xy-plane. The negative part of the coherence order, p=�1, can be
seen underneath this plane.

In order to return to the usual representation, choose:

� Options o Separation o Standard
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2.2 Definition of Coherence Order p

Section 2.1 introduced the raising operator Î+ and the lowering operator Î�. It has been
stated that the raising operator has a coherence order of p(Î+)=+1, and the lowering
operator has a coherence order of p(Î�)=�1. Now it’s time to discuss what the coherence
order actually is.

The coherence order p is based on what happens to a particular state p̂
(e.g. an operator or product operator) when a z-rotation through an angle Φ is applied.

If the operator only acquires a phase of (�p�Φ), the operator is said to have
coherence order p.2

This definition can be expressed in the following symbolic representation:

p̂(p) rotate by � about z-axis���������������! p̂(p) � e�i�p��

(Note: Since the operator Îz is not affected by any rotation about the z-axis, we see
immediately that Îz corresponds to a coherence order of p=0.)

2based on J. Keeler, Understanding NMR Spectroscopy, 2nd ed. (Wiley,Chichester, 2010).
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In order to get a better understanding of coherence orders and the corresponding de�-
nition, let's have a look at a concrete example.

A good starting point is to take the raising operator Î+ as our initial state. It has been
stated that this operator corresponds to a coherence order ofp= + 1. Now that we know
how the coherence order is de�ned, we can try to verify this statement. For that reason,
we let this state evolve under a z-rotation through an angle �.

First we will use the de�nition of the raising operator Î+ to split it into the transverse
magnetizations Îx and Îy .

Figure 9: Evolution of Î+ under z-rotation of angle �:
a) Splitting of Î+ into its Îx- and Îy-components
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We can evolve the transverse magnetizationŝIx and Îy in the usual manner. For the
visualization we will use an angle � of 45� .
(However, any angle would result in the same value for the coherence orderp)

rotate by �
��������!
about z-axis

rotate by �
��������!
about z-axis

Figure 10: Evolution of Î+ under z-rotation of angle �:
a) Splitting of Î+ into its Îx- and Îy-components
b) Evolution of the Îx- and Îy-components

As you might have expected, the transverse magnetizations will simply rotate by an
angle � (here 45 � ).

9



Merging the evolved transverse magnetizations results in the initial raising operator̂I+ .
However, under the z-rotation of angle �, the raising operator has acquired a phase.
The raising operators before and after the rotation about the z-axis are illustrated in
Figure 11.

rotate by �
��������!
about z-axis

rotate by �
��������!
about z-axis

Figure 11: Evolution of Î+ under z-rotation of angle �:
a) Splitting of Î+ into its Îx- and Îy-components
b) Evolution of the Îx- and Îy-components
c) Recombine theÎx- and Îy-components

You can test the e�ect of a z-rotation of angle � on the raising operator Î+ on your own.
Therefore choose:

� Spin System o 1-Spin

� Initial State o I1(+)

� Pulse Sequence o Rotation o z Rotation
and select one of the prede�ned angles.
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Alternatively, you can use a delay time to realize an arbitrary rotation about the z-axis.
However, you have to take care of the relation between your delay time and the o�set
frequency of your spin. Following the procedure below leads to a rotation by an eighth
of a full turn, i.e. an angle of 45� .

� Spin System o 1-Spin

� Spin System o Parameters
and set the o�set frequency� 1 to 1 Hz.

� Initial State o I1(+)

� Options o Preferences...
and make sure thatAdvanced Sequence Editor is not selected.

� Pulse Sequence o Edit Sequences...
and set only one entry with a delay time of 125 ms ( =1

8 s ).

For any angle � the raising operator acquires a phase of (� p � �)=( � [+ 1]��). This can
be seen by �xing a certain point of the raising operator before the rotation, e.g. a point
located in the red area. During the rotation, the color at this point changes continuously
from red � ei 0�

(at �=0 � ) to blue � ei 270�
= e� i 90�

(at �=90 � ) to green� e� i 180�
(at

�=180 � ) and so on (dependent on the choice of the rotational angle �).

Using the de�nition of the coherence orderp

p̂(p) rotate by � about z-axis
���������������! p̂(p) � e� i �p��

we have shown that the raising operator̂I+ corresponds to a coherence orderp of + 1.
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Mathematical development:

Î+ = Îx + i Îy
� Îz��! Îx cos � + Îy sin � + i (Îy cos � � Îx sin �) (1)

=( Îx + i Îy) cos � � i (Îx + i Îy) sin � (2)

=( Îx + i Îy)(cos � � i sin �) (3)

= Î+ e� i � (4)

In (1) we use the de�nition of the raising operator

Î+ = Îx + i Îy

and let these two terms evolve under z-rotation through an angle � according to the
theory of angular momentum operators. Closed form solutions for the evolution of
angular momentum operators within experiments can be found in NMR-textbooks3.

To go from (3) to (4), again the de�nition of the raising operator Î+ is used, as well as
Euler's formula

cos � � i sin � = e� i �

3e.g. J. Keeler, Understanding NMR Spectroscopy, 2nd ed. (Wiley,Chichester, 2010)
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